We have derived the Buchdahl's limit for a relativistic star in presence of the Kalb-Ramond field in four as well as in higher dimensions. It turns out that the Buchdahl's limit gets severely affected by the inclusion of the Kalb-Ramond field. In particular, the Kalb-Ramond field in four spacetime dimensions enables one to pack extra mass in any compact stellar structure of a given radius. On the other hand, a completely opposite picture emerges if the Kalb-Ramond field exists in higher dimensions, where the mass content of a compact star is smaller compared to that in general relativity. Implications are discussed.
Introduction
There have been considerable interest in the compactness limit of any stellar structure, which originally initiated from the seminal work of Buchdahl, who showed that under reasonable assumptions the minimum radius of a star has to be greater than (9/8) of its Schwarzschild radius [1] [2] [3] . These assumptions involved the density of the star to be decreasing outwards and the interior solution being matched to the vacuum exterior one, which by uniqueness theorems of general relativity is the Schwarzschild solution. This raises an intriguing question, how is the above limit modified if one considers a theory of gravity different from general relativity or if one introduces some additional matter fields. Several such ideas have been explored quiet extensively in recent times, which include -(a) inclusion of cosmological constant [4] [5] [6] [7] , (b) effects due to presence of extra dimensions [8] [9] [10] [11] , (c) effect of scalar tensor theories [12] [13] [14] [15] [16] [17] [18] [19] and (d) dependence of Buchdahl's limit on higher curvature gravity models [14, [20] [21] [22] [23] [24] [25] [26] [27] [28] , such as, Einstein-Gauss-Bonnet gravity, f (R) gravity [29] [30] [31] [32] [33] [34] , pure Lovelock theories [35] [36] [37] [38] [39] etc. In some of these cases one had to impose some additional physically motivated assumptions, e.g., imposition of dominant energy condition, sub-luminal propagation of sound etc. All in all, the ultimate limit on stellar structures is of fundamental importance for not only understanding the differences between various gravity theories but also to differentiate how additional matter fields behave under self-gravity [40] [41] [42] [43] [44] .
Having set the stage, let us consider the situation we will be interested in. Rather than working with modified gravity theories, we will modify Einstein's field equations by introducing additional matter fields.
In particular we will mainly be concerned about the effects of the Kalb-Ramond field in the formation of any stellar structure and possible modification of the Buchdahl's limit thereof. Kalb-Ramond field arises naturally in the context of field theory (and also as a closed string mode in string theory) and is sort of a generalization of electrodynamics [45] [46] [47] [48] [49] [50] [51] [52] . The gauge vector field in electrodynamics gets replaced by a second rank antisymmetric tensor field with a corresponding third rank antisymmetric field strength. Interestingly, the corresponding third rank antisymmetric tensor field appearing as field strength of the Kalb-Ramond field has conceptual as well as mathematical similarity with the appearance of spacetime torsion [53] [54] [55] [56] [57] [58] [59] [60] [61] . In particular if one assumes spacetime torsion to be antisymmetric in all the three indices 1 , then the decomposition of the Ricci scalar into parts dependent and independent of torsion leads to Einstein-Hilbert action with an additional term coinciding with the action for Kalb-Ramond field coupled to gravity. Thus in this sense, whether we work with Kalb-Ramond field or completely antisymmetric spacetime torsion the physics would remain unchanged. However for concreteness we will explicitly work with Kalb-Ramond field while keeping the analogy with spacetime torsion in the backdrop. Thus given the action for the Kalb-Ramond field in presence of gravity one can immediately obtain the corresponding modified Einstein's equations. This will result into different exterior as well as interior solution, in particular the exterior solution no longer represents a vacuum spacetime. This will inevitably results into modifications on the limits of stellar structure and hence the Buchdahl's limit would certainly be different from that in general relativity. There is another way a similar modification can be brought about, which corresponds to introduction of extra dimensions. Even though in the standard picture the normal matter fields, e.g., electromagnetic field does not propagate in the extra dimensions 2 , the KalbRamond on the other hand, being a closed string mode alike gravity, do propagate in higher dimensions (known as bulk). Hence the presence of the Kalb-Ramond field brings in modifications to the effective gravitational field equations on any four dimensional hypersurface (referred to as the brane) embedded in the five dimensional bulk [62] [63] [64] [65] [66] [67] [68] . We will study the modified Buchdahl's limit in this scenario as well. The main purpose of this work is precisely to explore these modifications and hence to understand the departure from general relativity that Kalb-Ramond field as well as existence of higher dimensions can bring in the stellar structures.
The paper can broadly be divided into three sections. In Section 2 we will discuss the basic mathematical framework of Kalb-Ramond field coupled to gravity and possible effects due to extra dimensions. The formalism developed in Section 2 will be applied to the derivation of Buchdahl's limit in the context of Kalb-Ramond field in four spacetime dimensions in Section 3, while Kalb-Ramond field in higher spacetime dimensions will be discussed in Section 4. Finally we conclude with a discussion on our results.
We will set the fundamental constants c = 1 = and will work within the convention of mostly positive signature. All uppercase Roman letters stand for higher dimensional spacetime indices, while lowercase Roman letters indicate spatial indices. On the other hand, Greek letters are used to label the four dimensional spacetime indices. 1 In general, spacetime torsion appears through the definition of covariant derivative:
Here Γ a bc is the standard Christoffel connection, symmetric in (b, c), while T a bc is the torsion tensor, antisymmetric in (b, c).
Gravity with Kalb-Ramond field: Basic formalism
In this section we will briefly elaborate on the gravitational dynamics in presence of the Kalb-Ramond field. As mentioned earlier, the Kalb-Ramond field is an antisymmetric second rank tensor B AB , while the field strength of the Kalb-Ramond field is being denoted by H P QR = ∂ [P B QR] 3 . Alike electrodynamics the action for the Kalb-Ramond field is taken to be square of the field strength. Thus the complete action for Kalb-Ramond field with gravity in D spacetime dimensions takes the following form,
where G D is the D dimensional gravitational constant and L matter consists of any additional matter fields that may be present. The factor (−1/12) ensures that in our signature convention the kinetic term in local inertial frame appears as (1/2)(∂ t B ij ) 2 . Even though the Kalb-Ramond field in D spacetime dimensions has a total of D(D − 1)/2 independent components, the actual number of propagating degrees of freedom are lesser in number. This arises from the fact that time derivatives of only the spatial components of the Kalb-Ramond field appear in the Lagrangian. Thus among the total D(D − 1)/2 independent components only the (D − 1)(D − 2)/2 will represent the propagating degrees of freedom. However one has to take into account of the additional gauge symmetry present in the system, i.e., there is a transformation B P Q → B P Q + ∇ P ξ Q − ∇ Q ξ P , which keeps the Lagrangian invariant. The gauge field for the spatial part seemingly has (D − 1) degrees of freedom and hence the total number of degrees of freedom would become (D−1)(D−4)/2. There still exists one more scalar degree of freedom, which appears if we change the gauge field by ξ P → ξ P + ∂ P φ. Thus actual number of degrees of freedom would be {(D − 1)(D − 4)/2} + 1. Thus in four dimensions the Kalb-Ramond field has a single degree of freedom, while for D = 5, the number of degrees of freedom becomes three [49, 58] .
Having discussed some of the basic properties of the Kalb-Ramond field, let us now inquire how it may affect the dynamics of gravity. For that purpose the most important ingredient is the gravitational field equations, which can be obtained by varying the action in Eq. (1) with respect to the metric, leading to,
Here T (KR) AB and T (matter) AB respectively corresponds to energy momentum tensor for the Kalb-Ramond field and any additional matter field that may be present in the system. One can also obtain the corresponding field equations for the Kalb-Ramond field by varying the action with respect to B P Q leading to ∇ A H ABC = 0. Given the field equation for the Kalb-Ramond field it is instructive to prove conservation of the respective energy momentum tensor, which can be derived along the following lines,
Here in the first line we have used the field equation for the Kalb-Ramond field, while in the second line we have used the following result satisfied by the Kalb-Ramond field strength, namely, ∇ [A H P QR] = 0. The proof of the previous statement is analogous to that of electromagnetism and follows from the complete antisymmetry of the Kalb-Ramond field strength. In what follows we will mainly be interested in four dimensional spacetimes with spherical symmetry. This can be achieved along two possible avenues -(a) One can start from a four dimensional action, which can be obtained by setting D = 4 in Eq. (1) or (b) Starting from a five dimensional spacetime but then projecting the gravitational field equations on a four dimensional hypersurface. In this work we will explore both these situations, following mainly [49, 57, 58, 62, 66, 67] , to achieve our goal to derive the possible modifications in the Buchdahl's limit.
We start with the first possibility, i.e., the Kalb-Ramond field in four spacetime dimensions which is described by static and spherically symmetric metric ansatz. The line element fit for our purpose, expressing static and spherical symmetry becomes,
where ν(r) and λ(r) are arbitrary functions of the radial coordinate that we need to determine through the gravitational field equations. Returning back to the Kalb-Ramond field as we have already emphasized, there is a single independent degree of freedom. This enables one to write down the Kalb-Ramond field tensor H µνρ in terms of a scalar field such that,
In the context of spherical symmetry, the above scalar degree of freedom (also known as axion) becomes a function of radial coordinate alone, i.e., Φ = Φ(r). Thus only the H 023 element will contribute, leading to: 
This suggests that the energy momentum tensor arising due to the Kalb-Ramond field in a spherically symmetric context can actually be expressed as that of a perfect fluid, with the following structure,
It is clear that the energy density is positive definite, since the Kalb-Ramond field is necessarily real. Surprisingly, the transverse (or, angular) part of the energy momentum tensor depicts the existence of a negative pressure. Due to this fact even though the Kalb-Ramond field satisfies the weak energy condition, i.e., T ab u a u b > 0, it also satisfies, {T ab − (1/2)T g ab }u a u b = 0. Thus Kalb-Ramond field in spherically symmetric context in four spacetime dimension marginally satisfies the strong energy condition. Incidentally for Kalb-Ramond field, the field equation ∇ µ H µρσ = 0 merely says that it can be written in terms of an axionic field, but the identity nabla [µ H αβρ] = 0 (or, equivalently ∇ µ T µν = 0) provides the differential equation satisfied by h(r). Let us now briefly mention about the existing results in the literature in the context of scalar-tensor theory to provide a comparison with the results appearing in our approach. An initial attempt to understand the Buchdahl's limit in the context of Brans-Dicke theory (a particular scalar tensor model) was presented in [19] , where a conformal transformation was used to transform the Brans-Dicke action in Jordan frame (i.e., when the action has coupling between Ricci scalar R and the scalar field φ) to that in Einstein frame (where the Ricci scalar has no coupling with the scalar field). Then it was demonstrated that the Buchdahl's limit in Brans-Dicke theory is larger compared to the general relativistic scenario. Later on several results have confirmed the above claim in various different scalar tensor models [14] [15] [16] [17] [18] [19] . Thus in this work we provide yet another origin to arrive at a scalar tensor description of gravity, namely using Kalb-Ramond field. In the later part of this work we will explore whether this model also shares the same scenario as far as the Buchdahl's limit is concerned. Since a direct correspondence with earlier results will certainly bolster our claims, we will explore this connection with earlier works in Section 3 in a detailed manner.
In the present context, given the contribution from the Kalb-Ramond field as expressed in Eq. (6) and Eq. (7) respectively, one can write down the corresponding gravitational field equations in the context of spherical symmetry. Further as the stellar interior is concerned, the normal matter is taken to be perfect fluid with energy-momentum tensor diag{−ρ(r), p(r), p(r), p(r)}. This completes our preliminary discussion and yields the necessary ingredients that we will require in later sections while discussing the effect of Kalb-Ramond field on stellar structure in four spacetime dimensions.
Before concluding this section, let us address the corresponding situation in the brane world scenario, where both gravity and the Kalb-Ramond field live in five dimensional bulk, while we are interested in the gravitational dynamics on the four dimensional brane. There are several ways of handling this issue. For example, one may wish to average the bulk Einstein's equations over the extra dimension and hence arrive at a gravitational equation on the brane (this method was adopted in [69] ), otherwise one may wish to project the five dimensional equations on a four dimensional hypersurface. Except these two there are other perturbative schemes available to determine the metric on the brane, inheriting bulk corrections [70, 71] . Nonetheless we will follow the second pathway of projecting the bulk equations in this work, which was first developed in [62] . Later on, there have been numerous works based on this projective scheme, for a small representative set, see [62] [63] [64] [65] [66] [67] [68] 72] . Since details of this procedure are well established and discussed at good lengths in the above works we will concentrate here by illustrating the basic ingredients which will be necessary for our later purposes.
The bulk field equations presented in Eq. (2) can be appropriately projected on the brane hypersurface by using the projector h
where n A is normal to the brane hypersurface. Using the projector h A B and incorporating the Gauss-Codazzi relation it is possible to write down the brane curvature tensor in terms of the bulk one. In this process one also derives the brane Ricci tensor and hence the brane Ricci scalar in terms of the bulk curvature components. Use of all these results relating brane curvature tensors to bulk curvature tensors enable one to write down the bulk gravitational field equations in terms of curvatures on the four dimensional brane hypersurface with additional contributions inherited from the bulk. In particular, from a purely gravitational point of view the bulk Einstein tensor G AB will map into (4) G µν + E µν , where (4) G µν is the standard Einstein tensor on the brane and E µν = W µAνB n A n B is the additional contribution inherited from the bulk, dependent on the bulk Weyl tensor W µAνB [62] [63] [64] [65] . Similarly, the Kalb-Ramond field present in the bulk (affecting the bulk Einstein's equation through the bulk energy momentum tensor presented in Eq. (3)) also gets projected on the brane hypersurface and a particular combination of this projection will act as the source of four-dimensional effective gravitational field equations along with normal matter, which of course is confined to four dimensions [3] . In this context, the effect of extra dimensions as well as that of Kalb-Ramond field modifies the four dimensional gravitational field equations as,
where the physical interpretation of the terms appearing on the left hand side has been discussed earlier, in particular E µν is the projection of the bulk Weyl tensor on the brane hypersurface. On the other hand, the right hand side has contribution from three parts -(a) four dimensional matter field characterized by T originated from the bulk Kalb-Ramond field becomes,
The first equality follows from the projection scheme and has been elaborated in [3] . Moreover T AB appearing on the right hand side of the first expression is the bulk energy momentum tensor for the KalbRamond field, expressed as in Eq. (3). In order to arrive at the second expression we have assumed that the Kalb-Ramond field B AB is independent of the extra dimensional coordinate as well as n A B AB = 0. Both of which are natural from the perspective of a brane observer and can be motivated along the following lines. First of all there are large number of gauge freedoms present in the Kalb-Ramond field, namely B µν → B µν + (∂ µ A ν − ∂ ν A µ ), where A µ is an arbitrary vector field. Using this gauge freedom one can set n A B AB = 0, known in the literature as the Randall-Sundrum gauge (since it was first used in the context of gravitational perturbation in [73] ). The other condition (i.e., B µν is independent of extra dimension) can be argued from the Kaluza-Klein mode decomposition of the Kalb-Ramond field, where it turns out that the massless Kaluza-Klein mode have no dependence on extra dimension and is purely a function of the brane coordinates [57] . Since we are interested in the lowest lying, i.e., massless mode alone, the Kalb-Ramond field cannot have any extra dimension dependence, thereby justifying the previous assumptions.
We would also like to point out that since the above energy momentum tensor is not derivable from a four dimensional action, the conservation of (4) 
where
) is the brane tension. Thus we immediately observe that the induced energy momentum tensor on the brane has negative energy density. One can immediately check that,
Thus the induced energy momentum tensor on the brane from a bulk Kalb-Ramond field violates the weak energy condition but does satisfy the strong energy condition. This should not come as a surprise, as there have been numerous instances in the literature, in various other contexts where weak energy conditions are being violated on the brane while they are being satisfied in the bulk (which is true for the scenario presented here as well). For example, in the context of a black hole on the brane it was argued that the induced energy density in the brane from the bulk must be negative to ensure attractive nature of gravity on the brane [74] . Furthermore, the existence of negative energy density on the brane hypersurface has appeared in numerous other contexts, e.g., (a) Kaluza-Klein reduction to a lower dimensional hypersurface [75] , (b) trajectory of a test particle in a lower dimensional hypersurface and appearance of an extra force [76] , (c) due to topological defects on the hypersurface possibly created by a moving black hole [77, 78] or may be due to some specific compactification scheme [79] (see also [80] ). Thus the above provides one more instance to violate weak energy conditions on the brane, namely through the bulk Kalb-Ramond field. Hence by no means this is unusual, it merely provides a new pathway for understanding the energy conditions in the context of braneworld scenario. Having discussed the physics involved as well as basic mathematical formalism, we will next consider the stellar structure and hence the Buchdahl's limit in these scenarios.
3 Kalb-Ramond field in four dimensions and limit on stellar structure
The basic field equations describing both gravity and Kalb-Ramond field in four spacetime dimensions have been elaborated in the previous section. In particular we have explicitly demonstrated that in this context there exist a single degree of freedom in the Kalb-Ramond field that we should worry about. In the case of static spacetime with spherical symmetry the field equations for gravity as well as that of Kalb-Ramond field simplify considerably. The gravity sector is being determined by two unknowns λ(r) and ν(r) appearing in the spacetime geometry through Eq. (5), while information regarding Kalb-Ramond field is essentially contained in the unknown function h(r), introduced in Eq. (6) . Considering the interior of a stellar object to be filled with perfect fluid with energy density ρ(r) and pressure p(r), the gravitational field equations become,
On the other hand, the conservation equation for the fluid as well as the field equation for the Kalb-Ramond field takes the following simple form in the context of static and spherically symmetric spacetime,
One can solve for these equations if the energy density ρ(r) = ρ c , is a constant. Then Eq. (15) can be integrated to yield, exp(−ν/2) = A(ρ c + p). Given this one can also integrate Eq. (16) to obtain the contribution from the Kalb-Ramond field as:
. From this expression it is evident that h(r) decreases with an increase of the radial coordinate r. Hence the effective density ρ + h 2 also decreases as the surface of the star is being approached. We will use this result later on. However the above exact solutions in the case of constant density does not help much, since p(r) is still undetermined, which essentially makes h(r) an arbitrary function of the radial coordinate.
Interestingly, the three Einstein's equations presented above are not independent, given any two of them along with Eq. (15) and Eq. (16) one can arrive at the remaining one. We will demonstrate this feature in an explicit manner, since it will provide an important relation which will be useful in our derivation of Buchdahl's limit. We will take Eq. (12) and Eq. (13) as the two independent equations and shall derive Eq. (14) from them, where Eq. (15) and Eq. (16) will be used extensively. The demonstration goes as follows, one starts by differentiating Eq. (13), which leads to,
Using the conservation equation for the fluid and the Kalb-Ramond field from Eq. (15) 
Substitution of this particular expression back to Eq. (17) leads to,
where in the last line we have used one of the Einstein's equations, namely Eq. (13). It is evident that the above equation when divided by a factor of two coincides with Eq. (14) and hence the third Einstein's equation is redundant. Even then there is one ambiguity present in the system, which is worth mentioning. There are four independent differential equations governing the behaviour of this particular system, while there are five unknowns: ν(r), λ(r), h(r), p(r) and ρ(r). This problem is generally circumvented by assuming an equation of state for the perfect fluid, which we will not need here.
We will now proceed further and shall determine the fundamental limit to the stellar structure, known in the literature as the Buchdahl's limit, following its discovery by Buchdahl in the context of general relativity. In the remaining part of this section we will derive the Buchdahl's limit in presence of the Kalb-Ramond field explicitly. It is clear that one can integrate out Eq. (12), resulting into,
Since h 2 > 0, it is clear that the total gravitational mass experienced outside the star is larger than the actual matter density present inside, with the extra gravitating mass coming from the KR field strength. Let us now derive the Buchdahl's limit and for that let us start from Eq. (19) and rewrite the same as,
One can further use the following two identities d dr
d dr
to rewrite Eq. (21) as,
At this stage one puts forward some sensible requirements, e.g., the average density ρ av = m(r)/r 3 should decrease outwards. Even though the average density involves contribution from the Kalb-Ramond field, since the Kalb-Ramond field strength itself decreases outwards the above condition will be trivially satisfied. Further, given the form of e −λ as in Eq. (20), it is clear that the first term on the right hand side of Eq. (24) is essentially dρ av /dr. Since we have already assumed that average density decreases outwards, it is clear that the right hand side of Eq. (24) is negative, leading to,
Integrating the above relation from some radius r within the star to the surface of the star, given by the radius r 0 , we obtain,
where quantities with subscript '0' denotes that they are to be evaluated at the surface of the star, located at r = r 0 . At this stage one generally assumes that both the metric and its derivatives are continuous across the surface of the star, i.e., the exterior solution for λ and ν must be equal to the interior solution at the surface along with their derivatives. This prompts to replace the metric and its derivatives at the surface by the respective values associated with the external solution. However, for the moment being we will keep the above structure arbitrary, which will be useful later. Further multiplying both sides of Eq. (26) by re λ/2 and integrating again from the origin to the surface of the star, we obtain,
As the average density is assumed to be decreasing outwards, it immediately follows that m(r)/r 3 > M/r 3 0
and thus we will have the above inequality holding more strongly if we replace m(r)/r by (M/r 3 0 )r 2 . With this modification, the above inequality becomes,
Since both the pressure and the contribution from the Kalb-Ramond field are positive and finite at the origin it follows that e ν/2 (r = 0) > 0. Applying this result to Eq. (28) we immediately obtain the following inequality,
Note that the term e ν0/2 can be removed from the above inequality as e ν0/2 > 0 as well. Further evaluating Eq. (13) at r = r 0 we obtain the following expression for ν 0 ,
Substitution of the above expression for ν 0 /2r 0 in Eq. (29) and subsequent multiplication by e −λ0/2 leads to the following expression,
Hence one can solve for this inequality for a corresponding bound on exp(−λ 0 ), which will certainly be different from the corresponding bound in Schwarzschild spacetime. Simplification of the above inequality leads to a quadratic expression for (1 − e −λ0 ), whose one root corresponds to negative value of the same and hence can be neglected, while the other root provides the necessary inequality, It is clear that the size of the allowed region is initially bounded by the limit on 2GM/r 0 (to the left of the red arrow), while later on it is decided by the location of the horizon (right of the red arrow). The red arrow depicts the point after which the smallest r 0 becomes smaller than event horizon. As evident the allowed region over and above general relativity increases as the Kalb-Ramond field strength increases. Thus one can add more mass compared to general relativity to the stellar structure at a given radius if the Kalb-Ramond field is present. This may provide a nice observational window to probe possible existence of the Kalb-Ramond field. See text for more discussions.
The corresponding bound on the ADM mass can be obtained by writing down e −λ0 in terms of the same and using the inequality presented in Eq. (32) . In order to obtain e −λ0 in terms of the ADM mass we need to determine the exterior solution, which to the leading order in the Kalb-Ramond parameter h 0 becomes
where M corresponds to the desired ADM mass associated with the black hole spacetime. Thus evaluating e −λ on the surface of the star and its subsequent substitution in Eq. (32) provides the desired bound on M as,
One can easily comprehend the correctness of this result by taking the h 0 → 0 limit, for which one immediately recovers the Buchdahl's limit, G 4 M/r 0 < 4/9. It is clear from the above result that in presence of Kalb-Ramond field the upper bound on G 4 /r 0 is larger than 4/9 (see Fig. 1 ). Thus as the strength of the Kalb-Ramond field increases the compactness limit (or, equivalently the Buchdahl's limit) on the stellar structure also increases compared to that in general relativity. However, one point must be emphasized at this stage. Even though 2G 4 M/r 0 can become much larger than 8/9 due to higher and higher values of the Kalb-Ramond field parameter h 0 , it is fundamentally bounded by the black hole horizon. To be precise, if the surface of the star is within the event horizon, then the limit makes no sense. Thus one has to ensure that r 0 > r h , where r h is the location of the horizon obtained from Eq. (33), in order to have a sensible stellar structure. Thus for (2G 4 M/r 0 ) < (2G 4 M/r h ), the bound on stellar structure is provided by (2G 4 M/r 0 ). This corresponds to the region to the left of the red arrow in Fig. 1 . While in the opposite scenario, the ultimate bound on stellar structure is provided by the horizon radius as depicted by the region to the right of the red arrow in Fig. 1 . Finally the choice πG 4 h 2 0 r 2 0 ∼ 0.052 marks the point where the stellar radius and the horizon radius coincides, as illustrated by the red arrow in Fig. 1 . As evident, in both these situations one can have stellar configurations having more mass packed into a smaller volume, when compared to the corresponding situation in general relativity.
For completeness, we would also like to comment on the connection between the spherically symmetric solution presented above, with those derived earlier in the literature (see, for example [81] [82] [83] [84] ). In particular, we will be considering the spherically symmetric and static solution obtained in [81] , in the context of Einstein gravity in presence of a non-trivial scalar field. Some generalization of this solution has been achieved and discussed in [82, 83] . While an exact solution in the context of gravitational collapse in presence of a scalar field has been addressed in [84] . To understand the possible connection of the solution presented in this work with those in the earlier literatures, consider first the solution for the scalar field. The profile of the scalar field was given by ∼ 2λ ln{1 − (4m 2 /r 2 )} [81] . Thus to leading order in r −1 , the scalar field solution behaves as, ∼ (8λm 2 /r 2 ). As evident from Eq. (34), the leading order behaviour for the scalar field exactly matches with the solution for the Kalb-Ramond field in the present context. Further, an inspection of the g tt component of the metric, when converted to the spherically symmetric form starting from the isotropic coordinates as presented in [81] reveals that to leading order it scales as, ∼ 1 − (2m/r) + O(1/r 3 ), which can also be compared with Eq. (34) . Thus the static and spherically symmetric solution presented here is indeed consistent with the earlier findings in the literature.
The above bound on ADM mass M illustrates that given a certain radius r 0 of a compact stellar object, the maximum mass one can associate with it is larger in presence of Kalb-Ramond field. Thus one can pack extra mass into the stellar structure (a similar scenario appears in f (R) gravity as well [20] .). This provides an interesting testbed for Kalb-Ramond field. For example, if a compact object (possibly neutron star) is observed whose M/r 0 ratio is larger then 4/9, then it can possibly signal towards the existence of a non-zero Kalb-Ramond field.
Given the significance of the above result in the astrophysical context, it would be of interest if some comment regarding stability of the solution can be made. For this purpose one need to consider three perturbation modes, namely the scaler modes, vector modes and of course the tensor modes. The scalar perturbation is essentially due to a scalar field, while electromagnetic fields are responsible for the vector perturbations. Finally gravitational perturbations are being represented by the tensor modes. In spherically symmetric background all these perturbations satisfy certain master equation governing the evolution of the perturbations. These equations can generically be written as [85] [86] [87] [88] [89] [90] 
where Ψ s is the perturbation variable and s = 0, 1, 2 for scalar, vector and tensor modes respectively. Since the spacetime is static the time dependence has been separated by assuming e ±iωt dependence. The stability of the perturbation mode hinges on the fact that there are no growing modes present, which loosely speaking originates from the positivity of the potential V s . For example, in the context of the scalar perturbation the structure of the potential in the present context reads
By substituting the expressions for e ν and e −λ from Eq. (33) and Eq. (34) respectively, we observe that this coincides with the corresponding situation in Schwarzschild spacetime, with higher order corrections from the presence of Kalb-Ramond field. This is because e ν differs from the Schwarzschild solution only at O(1/r 3 ). A similar consideration will apply to the vector and tensor perturbations as well, where the leading contribution will be from Schwarzschild spacetime with sub-leading corrections due to the KalbRamond field. The Kalb-Ramond field strength h 0 cannot be a large number (otherwise, solar system tests like bending of light would have observed the same, see [51] ) and hence the stability of the Schwarzschild solution ensures that the corresponding solution discussed in this framework is also stable. However, in order to arrive at a complete picture it is necessary to work through the black hole perturbation theory in its full gory detail, which will be addressed elsewhere.
The above results are also in complete agreement with the earlier results in the literature in the context of Buchdahl's limit in scalar tensor theories. In various scalar tensor models of gravity, which mostly are of Brans-Dicke origin, it has been demonstrated that the Buchdahl's limit increases, i.e., one can have more mass at a smaller radius. In particular, in [19] it was claimed that the Buchdahl's limit in the context of scalar tensor theories can even exceed the value unity, representing black hole horizon in general relativity. From Fig. 1 it is clear that such a scenario is indeed present in our model as well, with a higher value for the Kalb-Ramond field the Buchdahl's limit can definitely cross the black hole barrier. Furthermore, it was argued in [19] that if the energy density and pressure associated with the scalar field satisfies the condition ρ − 3p > 0, then the original Buchdahl's limit will be retrieved. One can trivial check that for Kalb-Ramond field such a condition can never be satisfied and hence we will always have modifications to the Buchdahl's limit. The above results explicitly demonstrate the robustness of the method presented in this work and are in complete agreement with earlier literatures [14] [15] [16] [17] [18] [19] . This completes our discussion on stellar structure in presence of Kalb-Ramond field in four spacetime dimensions. We will now discuss the corresponding scenario when extra spacetime dimensions are present. 4 Kalb-Ramond field in induced gravity theory and limits on stellar structure
In the previous section we had discussed in detail how the Buchdahl's limit gets affected in presence of Kalb-Ramond field in four spacetime dimensions. As emphasized earlier, the Kalb-Ramond field being a closed string mode can probe the higher dimensions. Thus it is legitimate to ask, how the above calculation and in particular the Buchdahl's limit gets affected by the presence of Kalb-Ramond field in higher dimensions. We will answer this question by using the effective field equation technique to obtain the gravitational field equations on the brane hypersurface. The presence of extra dimensions will bring an additional parameter, namely the brane tension λ T in the picture. In addition there will be several extra pieces in the gravitational field equations on the brane, e.g., effects of the bulk Weyl tensor E µν , projection of the energy momentum tensor of the bulk Kalb-Ramond field etc. Using the results obtained in Section 2 in the context of spherical symmetry the corresponding field equations in the interior of the perfect fluid star become,
Here U = −(G 4 /G 5 ) 2 E µν u µ u ν is the "dark radiation" term and
is the "dark pressure" term originating from the bulk Weyl tensor induced on the brane hypersurface. The vector u µ corresponds to any timelike vector on the brane hypersurface, while r µ corresponds to another spacelike vector on the brane hypersurface, such that u µ r µ = 0 [64] . From the above set of equations it is clear that in the limit λ T → ∞, one recovers the Einstein's equations with perfect fluid source. Having obtained the Einstein's equations in the context of brane spacetime with Kalb-Ramond field, let us concentrate on the associated conservation relations.
The conservation of perfect fluid energy momentum tensor representing the matter content of the star is again given by the standard expression as in Eq. (15) . While the field equation for the Kalb-Ramond field and the conservation of the remaining tensors yield,
where Eq. (42) }. Note that in the limit λ T → ∞, the last conservation relation becomes trivial.
Given the above set of equations, one can infer some nice properties regarding the system without going into too much details. For example, if the star has constant density ρ c , then Eq. (41) and Eq. (42) can be integrated to yield, exp(−ν/2) = A(p + ρ c ), and the Kalb-Ramond field will behave as h(r) = (1/r 2 ) exp(−ν/2) = (A/r 2 )(p + ρ c ). Thus in this case as well the contribution from Kalb-Ramond field decreases as one moves towards the surface of the star. Further in this case of constant density star, from Eq. (43) it is clear that the bulk stresses have to be nonzero both inside and outside of the star, since h(r) is non-zero everywhere. This is in sharp contrast to the corresponding situation depicted in [9] and arises solely due to the presence of the Kalb-Ramond field. Moreover, Eq. (43) cannot be integrated directly to provide an expression for U (r) when P (r) = 0, unlike the situation in [9] , again due to the Kalb-Ramond field. Thus we conclude that there will be non-zero Weyl stresses present both inside and outside the stellar object, in presence of non-zero Kalb-Ramond field (see also [91] [92] [93] [94] ).
It is also possible to argue, using Eq. (41) and Eq. (43), that the dark pressure P should be positive under reasonable physical assumptions. First of all, as already mentioned earlier, we assume that the energy density ρ and pressure p of the perfect fluid acting as the building material of the star decreases outwards. This suggests that ρ and p are both negative. Therefore as evident from Eq. (41) ν > 0, since (ρ + p) is positive definite. We also assume that an identical situation holds for the dark pressure and dark radiation as well, or in other words these two quantities decrease as one reaches the outer region of the stellar structure, implying both U and P to be negative [9] . With these reasonable assumptions, let us examine Eq. (43) in some detail. Firstly all the terms on the right hand side of Eq. (43) are positive, thanks to the fact that ρ < 0 but ν > 0, while (ρ + p) is positive definite. Therefore the left hand side of Eq. (43) should also be positive. However the terms U and P are negative, keeping only three terms depending either on U or P linearly to compensate them. In the regime of linear perturbation theory, with (brane curvature/bulk curvature) as the perturbation parameter, one can show that U = −E µν u µ u ν < 0 [95, 96] and therefore for Eq. (43) to hold it is necessary that P > 0. A similar conclusion can also be reached by using Big-Bang Nucleosynthesis as well as Cosmic Microwave Background to understand the dark radiation term. Using the current estimates for primordial 4 He as well as Deuterium to Hydrogen ratio one can safely argue that negative values of U are much more favoured compared to the scenario with U being positive [97] . Thus perturbative estimations as well as observational compatibility support in favour of negative dark radiation. Interestingly, the fact that the dark radiation term is negative is important to match the interior solution to the exterior one, since the exterior solutions generically have negative dark radiation [9, 64] . Hence we can conclude that as far as the current scenario is considered (in particular Eq. (43)), it votes for a positive value of the dark pressure term P , a fact which we will use in this work.
Using Eq. (38) one can solve for e −λ and hence obtain the mass function in the interior of the stellar structure, leading to,
Let us now analyze the structure of the above equation. The first term in the expression for m(r) is the normal matter energy density producing mass, while the second one arises due to the presence of extra dimensions. The third one has a purely geometric origin, namely from the projection of bulk Weyl tensor and the last bit is from the bulk Kalb-Ramond field. The minus sign in front of the Kalb-Ramond field strength ensures that it is effectively lowering the gravitational mass with respect to the situation when the Kalb-Ramond field is absent (i.e., compared to theh = 0 situation). This is unlike the situation in Section 3, where the Kalb-Ramond field appears with a positive sign. Among the other two additional terms in Eq. (44), ρ 2 is always positive definite, while U can have either positive or negative contribution.
To see that the three gravitational field equations are not independent (they cannot be, as there are only two unknown functions λ and ν), we can start with the derivative of Eq. (39) with respect to the radial coordinate resulting into,
The term inside square bracket is actually the subtraction of Eq. (38) 
As Eq. (39) is being substituted for the term within square bracket in the right hand side, one gets back Eq. (40). Thus Eq. (40) is indeed not an independent equation, but depends on the other two. The main reason behind this derivation is the fact that the above equation is quiet useful for our purpose, namely derivation of Buchdahl's limit. Keeping this in mind one can also rewrite Eq. (46) such that the following relation is obtained,
At this stage one can use the two identities introduced in Eq. (22) and Eq. (23) respectively, and then simplifying the resulting expression further, we obtain the following result,
Among the three terms on the right hand side, the last one originating from the bulk Kalb-Ramond field as well the one from dark pressure provides a negative contribution, since following our argument below Eq. (43) it turns out that P > 0. Another way to justify the positiveness of dark pressure is as follows: note that the configurations for U and P inside the stellar structure can not be arbitrary, as they have to match with the exterior solution as well. The exterior solution requires the pressure to be positive (see, e.g., [9, 64] ), which is mainly due to the origin of this term from bulk Weyl tensor. Thus for reasonable exterior solutions we will expect the "dark pressure" to be positive in the interior as well. On the other hand, as far as the first term in the right hand side of Eq. (48) is concerned, Eq. (44) ensures that it is the rate of change of average density m(r)/r 3 . This requires the dark radiation term to decrease outwards as the surface of the star is being approached (which it indeed does, see [9] ). Among the other terms in Eq. (44), ρ and ρ 2 are both decreasing functions of the radial coordinate and as already pointed out, the Kalb-Ramond field strengthh(r) decreases as one moves radially outwards. Thus one can safely impose the assumption that average density should decrease outward. This ensures that the following inequality is being satisfied, Given this, one can proceed as in the previous section and following identical steps one finally arrives at the desired inequality involving e λ alone, such that,
Regarding the integral, one can perform it by noting that the average density decreases outwards as we have elaborated earlier. In particular, from Eq. (44) it follows that m(r)/r > (m(r 0 )/r 3 0 )r 2 , making the above inequality stronger. Defining M to stand for m(r 0 ) one can immediately integrate the above expression leading to,
where again any quantity with subscript '0' ensures that it has been obtained on the surface of the star. Working out the above inequality in an explicit manner the corresponding limit on exp(−λ 0 ) yields, Since the metric functions are continuous across the surface of the star, e −λ0 appearing in the above inequality can be replaced by the corresponding metric element in the exterior region in the limit r → r 0 . The exterior solution without the Kalb-Ramond field have been derived in [64] and corresponds to, U = −(P/2) = −(4/3)πG 4 λ T (|q|/r 4 ). Thus with the above choices for U and P but including the Kalb-Ramond field as well, leads to the following static and spherically symmetric solution, 
Here P 0 stands for the value of the "dark pressure" on the stellar surface which is positive definite and the relation 2U 0 + P 0 = 0 [9, 64] can be used to replace all the "dark radiation" term by "dark pressure" on the stellar surface. Further substituting the metric element e −λ0 , evaluated at the surface of the star from the above equation in Eq. (52) This completes our discussion regarding the derivation of Buchdahl's limit in the presence of Kalb-Ramond field and higher spatial dimensions. For completeness, let us briefly comment on the stability of the above solution. For this purpose, as in the previous scenario one needs to consider the scaler, vector and tensor perturbations. Since the background is still spherically symmetric, all these perturbations satisfy the master equation presented in Eq. (36) . The time dependence will again be through the e ±iωt term and the stability essentially corresponds to the positivity of the potential V s appearing in Eq. (36) . In the present context both e ν and e −λ behaves as the corresponding metric elements associated with the ReissnerNordström black hole with a negative Q 2 , pertaining to the smallness of the Kalb-Ramond parameter h 0 . One can immediately verify, given the metric elements, that the potential V s is necessarily positive irrespective of the value of s [88, 90, 98] . Thus a preliminary analysis suggest that the solution considered above is indeed stable. However, in order to get the full picture and a concrete statement regarding stability, one must work through the black hole perturbation theory and the associated quasi-normal modes. We hope to address these issues elsewhere.
As evident from Eq. (54), the bound on ADM mass 2G 4 M/r 0 is small compared to the general relativity value 8/9 (see Fig. 2 ). This is in complete contrast with the result obtained in the previous section, where the Buchdahl's limit was higher compared to the corresponding situation in general relativity. Thus in this particular scenario the maximum mass that a compact stellar object can inherit at a fixed radius will be less compared to general relativity. Thus it will be more difficult to probe this particular scenario, since if one observes a compact stellar object with a M/r 0 ratio less than 4/9, it can either correspond to general relativity or the current scenario. It will be problematic to disentangle these two affects.
Discussions
We have explicitly demonstrated how the presence of Kalb-Ramond field (or, equivalently spacetime torsion) as well as that of extra dimensions modify the Buchdahl's limit. While pursuing the above we have used some general principles, e.g., matter density should decrease outwards in order to arrive at an inequality that depends only on the g rr component of the metric. This is possibly originating from the fact that, only the three curvature of a four dimensional spacetime encodes the gravity degrees of freedom. The above result also provides a new perspective on the Buchdahl's limit and possibly an universal upper bound on the g rr component. In particular, if we consider the Kalb-Ramond field in four spacetime dimensions, it follows that the (mass/radius) ratio is larger than 4/9, the value pertaining to general relativity. Thus at a certain radius one can introduce extra matter to the compact object. Hence if it is possible to detect a compact object with (mass/radius) ratio larger than the general relativity prediction one can infer about the possible presence of the Kalb-Ramond field. On the other hand, when extra spatial dimensions are introduced, the effect of the bulk Kalb-Ramond field induced on the brane hypersurface leads to interesting features. For example, the effective energy momentum tensor on the brane violates the weak energy condition but does satisfy the strong energy condition. Similarly, there will be additional contributions to the gravitational field equations on the brane inherited from the presence of bulk spacetime. These two effects will result into modifications in the Buchdahl's limit associated with a compact stellar object. However unlike the scenario in four spacetime dimensions, as extra spatial dimensions are included the bound on (mass/radius) ratio decreases in comparison to general relativity. This makes it difficult to explore possible observational avenues in this context regarding the presence of the Kalb-Ramond field as well as that of extra dimensions.
